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We extend Hill’s well-known estimator for the index of a distribution
function with regularly varying tail to an estimate for the index of an
extreme-value distribution. Consistency and asymptotic normality are proved.
The estimator is used for high quantile and endpoint estimation.

1.. Introduction. Suppose one is given a sequence X, X,,... of ii.d. obser-
vations from some distribution function F. Suppose for some constants a, > 0
and b, (n = 1,2,...) and some y € R,

(1.1) lim p{ wax( Xy, Xy, X,)

n— 0o

b,
o <x)=G/[(x),

for all x where G,(x) is one of the extreme-value distributions
(1.2) G/(x) = exp(—(1 + vx) V7).

Here the index v, is a real parameter [interpret (1 + yx)~'/Y as e™* for y = 0]
and x is such that 1 + yx > 0. The question is how to estimate y from a finite
sample X, X,,..., X,.

In case one knows that y > 0, one can use Hill’s estimate [Hill (1975)] defined
as

1 k-1
(13) Mrgl) = ; Z 10g X(n—-i, ny — 10g X(n—k,n) (k < n):
i=0
where X, ) < X ) < -+ < X, ) are the order statistics of X;, X,,..., X,

Mason (1982) proved weak consistency of MV for any sequence k = k(n) —
0, k(n)/n — 0 (n - o) and Deheuvels, Haeusler and Mason (1988) proved
strong consistency for any sequence k(n) with k(n) /loglog n — o0, k(n)/n =0
(n — o). It is well known that, under certain extra conditions,

(1.4) VE(MP ~v)

is asymptotically normal with mean 0 and variance y? [see Davis and R_esnick
(1984), Csorgd and Mason (1985), Haeusler and Teugels (1985) and Goldie and
Smith (1987)]. This leads to an asymptotic confidence interval for y.

We now consider the estimation problem for general y € R.
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Suppose x* = x*(F) > 0, where x*(F) := sup{x|F(x) <1} (this can be
achieved by a simple shift), and define

1 k-1
(1.5) MP = = -2-30 (10g X i my ~ 108 Xnp my) -
We shall prove (Section 2) that (1.1) implies that for & = k(r) = o0, k(n)/n - 0
(n - ),

(1.6) lim 4, =y in probability,
n-— oo
where
L[ (M)
(1.7) 9, = M,gl) +1- 5{1 - —M'(?T—'

Moreover, we shall prove that when k(n)/(logn)® = o« (n — o) for some
8 > 0, then
(1.8) lim §,=y as.
n— oo

We shall also give (Section 3) quite natural and general conditions under which
the estimate is asymptotically normal so that an asymptotic confidence state-
ment can be made. It seems that even when specialized to the Hill estimator, the
result of Theorem 3.1 is the most general one obtained so far. In Sections 4 and 5
we use the moment estimator to obtain asymptotic confidence intervals for high
quantiles of F and (in the case y < 0) for x*(F). Section 6 contains some
comments—in particular, the intuitive background of (1.7).

Somewhat related papers are Joe (1987) and Smith (1987).

Throughout the paper (except for part of Section 4), we assume
(19) lim k(n) = o, lim &(n)/n =20

n—ot

n-—o0

and familiarity with the theory of regularly varying functions and the function
class II [see, e.g., Geluk and de Haan (1987)].

2. Weak and strong consistency.

THEOREM 2.1. If (1.1) holds, x*(F) > 0, k(n)/n - 0 and k(n) - o (n —>
), then

(2.1) lim 9, =y inprobability.

n— oo

If (1.1) holds, x*(F) > 0, k(n)/n - 0 and k(n)/(logn)® > « (n - o) for
some & > 0, then

(2.2) lim §,=y a.s.

n—oo

For the proof we need some lemmas.

LemMa 22. Suppose Uy, U, ... are i.i.d. random variables with a uniform
[0,1] distribution. Let T,(t) be the empirical distribution function based on
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U,...,U, (n=1,2,...). Then for 0 < k(n) < n, k(n)/(logn)® - c for some
8>0anda<38/21 +9)),

(2.3) Jim (

n— oo

k(n))l—aj;k(n)/nt_a—l{rn(t) _ t} dt=0 as.

Proor. For a < 0 we use a version of Theorem 2(iii) in Einmahl and Mason
(1988), without monotonicity condition on k(n) and k(n)/n. [It is easily seen
that this weakening of the assumptions on k(n) only entails an increase of the
constant 2!/2 on the right.] We have

(E(nT)) +la'fok(")/"t"”""{1‘,,(t) - t}dt

(o) L) — o[ e
< |77 sup -
k(n) 0<t<k(n)/n " 0

loglog n |2 n \'2 n 1/2
= {|a|" Y| ———— ( ) ( ) su T,(¢) - ¢t|.
{' | ( k(n) ) k(n) loglog n 0<tskf),,)/n| (£) -4

Since the first factor tends to 0 and the second factor is a.s. bounded by the
quoted theorem, we have proved (2.3) for a < 0.

For 0 < a < 8/(2(1 + 8)) we use an appropriate version (similarly as before)
of Theorem 1(ii) in Einmahl and Mason (1988). For 0 <7 <§/(2(1 + 8)) — a

and withv=§{ —a—1

|( k(nn) )1—af()k(")/"t‘“‘1{rn(t) ~t)dt

n l-a T (t)—t 3
< ( ) sup Ha?) — 4 "(I/Z_U | f "/ Pyn-1 g
k(n) O<t<k(n)/n ¢ 0

) loglogn)l/2 ( n )"( n )1/2 IT.(¢) — ¢
-n" sup e |-
! k(n) k(n) ) \loglogn| o<izhnym t7°
Since the first factor tends to 0 and the second factor is bounded a.s. by the
quoted theorem, we have proved (2.3) for 0 < a < 8/(2(1 + 8)). 0

LEMMA 2.3. Let 0 < k(n) < n and k(n)/(logn)® > « (n — «) for some
8 > 0.
(i) Suppose F(x) = x* (0 < x < 1) for some a > 0. Then

2.4 ]_im Z (i n) = a.s.
( ) no> oo k(n) i-1 X(k(n)+1,n) a+1
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(ii) Suppose F(x) =1~ x"* (x > 1) for some a > 2(1 + 8)/8. Then

1 k-1 x «
2.5 lim Z (n—i,n) = a.s.
( ) n— oo k(n) i=0 X(n—k(n),n) a=1

ProoF. (i) Let F, be the empirical distribution function based on
X,,..., X, from F. Lemma 2.2 implies, with ¢ = —1/a,

nNTME iy e 1
(2.6) '}}_{I:O(k(n)) f Es)ds = —— as.

Since [Wellner (1978)]

n 1/a
lim ( ) X+, =1 as,

n— o0 k(n)
(2.6) implies
1 k(n) X
lim sup Z &)

now k(1) i=1 X(k(n)+1,n)

n 1/a 1 kg)
= limsu (——-—) — Xin
o \E(n) | E(n) S 6

. n 1/“ n X(Ie(n) n)
= hmsup(k(n)) . k(n)jo sdF,(s)

n— oo

n 1/a n 1+1/x e
. (k(n)(1—¢)/n)
< limsup [(k(n)) Kscmnmy = (k(n)) J, Fi(s)ds

n AT ey /e
. . n —e)/n
=1- hnnilolgf(k(n)) /0 F,(s)ds

1—¢ 1+1/a
=1- E———)———— a.s.
(a-+1)
This with a similar lower bound gives the stated result.

(i) Let F, be the empirical distribution function based on X,,..., X,, from
F. Lemma 2.2 implies, with a = 1/a,

a.s.

n-— oo o —

n 1-1/a ©
@7)  lm (W) [ oy (1= Fule)) ds =
Since [Wellner (1978)]
k(n)

n

1/a
) . X(n-—k(n), n) = 1 a.S.,
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(2.7) implies

k(n)—-1
lim sup —— Y Koz
n-— oo k(n) i=0 X(n-k(n),n)

W o \~Va 1 km-1
hfl—»sip(k(n)) k(n) igo Xonmim
= limsup ( " )_l/a L b sdF,(s)
now \ k(1) k(n) Yxpmerm
—l/a
= liin_.sz [ k(n) X(n—k(n)+1,n)
n

(5t )/ fo B

n 1-1/a ©
.<_1+limsup( ) 1-F(s)}ds
now \ (1) (n(l—e)/k(n))‘/“{ ()]
1 e -1+1/a
=1+ ( ) a.s
(a—1)

This with a similar lower bound gives the stated result. O

LEMMA 2.4. Let 0 < k(n) < n and k(n) — oo (n = ).
(i) Suppose F(x) = x* (0 < x < 1) for some a > 0. Then

1 kK»  x. o
. > — Gm in probability.
n—o k(n) 2y Xagmysr,m @+l

(ii) Suppose F(x) =1 — x~*(x > 1) for some a > 1. Then
1 k(n)~-1 X(n—i )
lim :

now k(n) 20 Xaokmym @

in probability.

ProoF. (i) Note that

d
(Xet, my/ Kipimr e, mys -+ Xewmy, m/ Xeaemr,m) = (Y, aans+ > Yk, knp)>
the order statistics from a sample (Y,..., Yk(,,)) from F. Hence
1 kX k(n)

(i»") _4 Z Y
k(n) i=1 X(k(n)+1,n) k(n)

and the law of large numbers applies. The proof of part (ii) is similar. O
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LEMMA 2.5. Suppose (1.1) holds and x*(F) > 0. Let U = (1/(1 — F))*, the
arrow denoting the inverse function. Then, for some positive function a,

log x, v >0,
logU(tx) — logU(¢t) x%_ )

e a()/UG) —,  ¥<Q,

for all x > 0. Moreover for each & > 0 there exists t, such that, for t > t, and
x =1, (3

-x¢ o —logU xt —
(2.8) (1—£)L;__s<1gUiZ;/U(°tg) ©) 14eFt

+ g,

provided vy = 0, and (ii)

logU(tx) — logU(¢)
logU(0) — log U(#)

(2.9 1-(1+earre< <1-(1-¢)x"

provided y < 0.

Proor. The statements follow from well-known inequalities for regularly
varying functions (y < 0) and II-functions (y > 0). Cf. Geluk and de Haan
(1987), page 27. Note that we can take a(t)/U(t) = y for y > 0 and a(t)/U(t) =
—Y{log U(e0) — log U(¢)} for y < 0.0

Proor or THEOREM 2.1. We only give the proof of the strong consistency
using Lemma 2.3. The proof of the weak consistency is similar, starting from
Lemma 2.4 instead. Let Y,,Y,,... be ii.d. with common distribution function
1—1/x (x> 1). Then (X,, X,,...) £ (U(Y)),U(Y,),...) and for all n also
(X, nyrr X ) 2 (U, ), -, UY,,, y)- We work with the latter.

(i) Let y>0. Given ¢> 0 for r =1,2 by Lemma 2.5(1) we have as. for
sufficiently large n,

M
{a(YEn—k(n). )/ U(¥n- iy, m) } '

r

TR G ( >}
= logU Lm) Yoronm!| = 108U(Y _iinn
k(n) =0 { (Y(n—k(n),n) (n—k(n), )) (n~k(n),n)

- {a(Y(n—k(n),n))/U(YZn-k(n),n))}r

1 Rm-t Yo /Y -1)
(=i, ny/ X(n—k(n), n)
< mer—
k(n) LE:O [e+(1+e) p ]

First suppose r = 1. Since Y _, ., is the (n — j)th order statistic from the
distribution function 1 — 1/x'¢ (x > 1), we can apply Lemma 2.4(ii) for & <
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8/(2(1 + 8)) and find

6—1
. M® {e"l -1 1}
hnmqs:p a(Y(n—k(n),n))/U(Y(n—k(n), n)) set(i+e) € s
This, together with a similar lower inequality, gives
MO
lim - =1 as.

n—o a(Y(n—k(n), n))/U(Y(n—-k(n), n))
Next we note that the function a/U is slowly varying, hence

a( Yonkmm 7 )/U(Y(n—km),n)' n )
o S\ n/k(n) @) ) n/k(n) k()

o “(k(nn>)/U(k(r;>)

The case r = 2 is similar: One just works out the square and calculates the limits
of all terms. It follows that for r = 1, 2,

M
(2.10) lim =r!

- {“(k(nro)/ U(k(nn))}r

(i) Let y < 0. Given ¢ > 0 for r = 1,2, we find as in part (i), now using
Lemma 2.5(ii), that a.s. for sufficiently large n,

M’(z") 1 k(n)—1 y-e

Yr—e
< Lo [1-(1-e)
{logU(oo) —logU(Y(n_k(n),n))} k(n) ;2 [ Y, my

=1 a.us.

r

First suppose r = 1. Since Y75 ,, is the (i + 1)st order statistic from the
distribution function x/(-Y*9 (0 < x < 1), we can apply Lemma 2.4(i) and find

MO (e -7
lim sup . <1l-(1-¢)——
n— oo IOg U(OO) - IOgU(Y(n'——k(n), n)) ‘ (E - Y) ! +1
This, together with a similar lower inequality, gives
MY -y

lim = a.s.
n—o logU(w) —log U(Yy_pn).my) 17
Next note that the function log U(ec) — log U is regularly varying, hence

im log U(oo) — 1°gU({Y(n~k(n),n)k(n)/n} . [n/k(n)])
n-o0 logU() — logU(n/k(n))

The case r = 2 is similar: One just works out the square and calculates the limits

=1
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of all terms. It follows that for r = 1,2 almost surely

. M
o) . Tlog Uw) —Tog U(n/k(n))]"
_ { -v/1-y), r=1,
2 (@-n0-21)), -2

(iii) Now (2.10) and (2.11) imply that for all real y almost surely,

M®O)? 1/2, >0,
(2.12) lim L____{)__ [ Y
now MY 1-2v)/(2-2v), «v<O

and, since lim, _, . a(n/k(n))/U(n/k(n)) = Ofory = 0 and lim , _, , log U(o0) ~
logU(n/k(n)) = 0for y <0,

(2.13) lim M® = max(0,y) a.s.
n—o
The result follows. O

3. Asymptotic normality.

THEOREM 3.1. Suppose (1.1) holds and moreover, with U = (1/(1 — F))*:
(i) Fory>0:
(3.1) + t77- U(t) € II(b,) for some positive function b,.
(ii) For y = 0: There exist positive functions b, and b, such that
logU(tx) — logU(t) — by(t)logx log x)*
(3.2) limg() gU(¢) z()g=i(g)

[note that by(t) ~ a(t)/U(t), t = oo, with a as defined in Lemma 2.5].
(iii) For y <0:

(83) Ft{U(w) - U(t)} €II(b,) for some positive function b,.
Suppose also lim, _, , k(n) = oo and:
(iv) For y > 0:
(34)  k(n) =o(n/g"(n)) whereg(t) = £"{U(t)/by(t)}".
(v) Fory=0:

(35) k(n) = o(n/g* (n)) whereg(t) = th3(t)/b3(t).

(vi) For y <O0:
(36) k(n) = o(n/g* (n)),
where g(t) = t'~*'[{log U(co) — log U(¢)} /by(t)]2
Then

MO M@

3.7) Jk = - o,(¥), = -
(3.7) J&(n) e X ) " (v) TS pa(v)

with f(t) = a(1/{1 — F(expt)})/U(1/{1 — F(exp t)}) has asymptotically a nor-
mal distribution (n — o) with means zero and covariance matrix (s;;) with,
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for y <0,
S = (1 - 'Y)_2(1 - 27)_1a
s = 41— v) %1 - 2y) 7M1 - 3v) 7,

83 = 4(5 — 11y)(1 — v) X1 — 2y) TX(1 - 3y)(1 — 4y),
and for y > 0,

sy =1, 810 = 4, Sge = 20.
The functions p, and p, are defined by
1, vy=0,
pi(y) = {1/(1_},)’ y <0,

_ 2, y =0,
paly) = {2/{(1 “na-2v)},  v<o.

REMARK. For y > 0 the result specializes to Jk(n) (M) — v) is asymptoti-
cally N(O, y2).

COROLLARY 3.2. If the conditions of Theorem 3.1 are satisfied and if,
moreover, in the case y = 0,

(3.8) k(n) = o(n/g"(n)) whereg,(t) = t{U(t)/a(t)}’,
then
(3.9) k(1) {7, — 7}

has asymptotically a normal distribution with mean 0 and variance
1+ 'YZ, Y = 0’

(1_Y)2(1_2y){4_81—27 (5“11}')(1"27)}, , <0,

(3.10) .
1-3y  (1-3y)Q-4v)

REMARK. Neither (3.5) nor (3.8) implies the other.

ExaMpLE. The standard normal distribution satisfies (1.1) with y =0, a(Z) =
{(U()}~! [note a,=a(n)] and (3.2) with by(t) = 1/{U)} ~ 1/{U®)},
by(t) = 2/{U(t)}* and a minus sign. Because U(¢) ~ y/2log ¢ (¢ > o0), one finds
that g(t) ~ t(log t)? [cf. (3.5)] and g(t) ~ 4t(log ¢)* [cf. (3.8)], t — o0, and
hence the conclusion of Corollary 3.2 is true provided k(n) = o((log n)?), n = co.

Note that we found the same restriction on {k(n)} for the asymptotic
normality of Pickands’ estimator [Dekkers and de Haan (1989)].

Before proving the theorem and its corollary, we formulate the conditions on
U in terms of the distribution function F [for a proof see Dekkers and de Haan
(1989), Section 3, where also some simpler alternative conditions and examples
are given].
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THEOREM 3.3. The conditions (i), (ii) and (iii) of Theorem 3.1 imply (1.1) for
the same y. The conditions (i), (ii) and (iii) of Theorem 3.1 are equivalent to
(respectively): () For y > 0:

(3.11) Fe/{1-F(t)} eIl

(ii) For y = 0: There exists positive functions f and « with lim,, .. a(t) = 0
such that for x > 0

1 — F(exp(t + xf(¢)))

—-X

—e
1 — F(exp(t)) x?
. i = ft—e "
(3.12) }#T a(t) 2 ¢
(iii) For y < 0:
(3.13) + V1 - F(x* — ¢} eIl

REMARK. For y > 0 our second-order condition (3.11) is the same as the one
used in Smith (1982).

REMARK. The conditions of Theorem 3.1 correspond to the conditions of
Theorem 2.4 in Dekkers and de Haan (1989). A theorem similar to that of
Theorem 3.1 can be given under the conditions of Theorem 2.5 of Dekkers and
de Haan (1989).

For the proof of Theorem 3.1 we need the following lemmas.

LEMMA 34. Let Y(1 n S 0 < Y, ) be nthorder statistics from the distri-
bution function 1 — x~ (x > 1) Let 0 <k(n) < nandk(n) = o (n— ).

@

k(n)—1
k(n ( Z logY(n—i, n) IOgl/(n—k(n), ny — 1,

(3.14) =0 .
1 (n)—1
2 2
(20) Y {k( ) Z{) (lOg YZn—-i, ny 1OgY(n—isz(n), n)) - 2})
i=

is ‘/_qsymptotically normal (n - o) with means 0, variances 1 and covariance
2v5.

(i) For y<0

1 k-1 Yn—i,n § Y
W(kuzl S

i=0 Yin—k(n), n) - Y ’

2
1 k(%—-l - ( YZn—i, " Y ~ 2.Y2
k(n) i=0 Y(n—k(n), n) (1 - Y)(l - 2y)

is asymptotically normal (n — o) with means 0, variances v* and v*, respec-

(3.15)
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tively, and covariance

2v® (5 — 30y + 40y2)"”
(3.16) i .
5 (5 - 26y + 33y2)

ProoF. We proceed as in the proof of Lemma 2.4.
(i) The random vector in (3.14) is equal in distribution to

k(n) A k(n) .
W(ku?}lz L. @0) {k()zz })

where Z,,...,Z, are ii.d. from a standard exponential distribution. The state-

ment of the lemma follows by applying the Cramér—-Wold device and Liapounov’s
theorem [Chung (1974), page 200].

(ii) The random vector in (3.15) is equal in distribution to
1 k(n) Y 1 k(n) 2.Y2
Jk(n 1-R)+—— - R’ - ,
(n) (k( Y L OB T B O R T mea e

where R, R,,..., R, are iid. from the distribution x~1/Y (0 <x < 1). The
statement of the lemma follows as before. O

LEMMA 3.5. Suppose condition (1), (ii) or (iii) of Theorem 3.1 holds with the
upper sign (i.e., + for y =0 and — for y <0). For any ¢ > 0 there exists i,
such that, fort > t, and x > 1:

(1) In the case y > O:

1—x"° logU(tx) — logU(¢t) — v logx
(A—e)——~e< 75.(2),U(t)
(3.17) 1
<(1+e¢) + €.

(ii) In the case y = 0:
(1 - ¢?)(log x)°

2 —2¢clogx — ¢
log U(tx) — log U(t) — by(t) logx
<
(3.18) o)
2 2
(1
< (1+e) ; (log x) + 2¢logx + e.
(iii) In the case y < 0:
1—-x"°¢
(1 - e)x” - ex?
log U(tx) — log U(t) — (1 — x7){log U(e0) — log U(t)}
@19 o0/ U ()
< (1+¢)x?- b oex.
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Proor. (i)
log U(tx) — logU(t) — ylogx
t'b,(¢)/U(¢)

U) \) Ut)
- {log(xYU(t) )} t7b.(¢)

_ ( Utx) 1) Ut) (=) 'U() - U(2)

x1U(¢) t7b1(t) - bl(t)

—>logx (t—- ) forallx >0,
ie.,

by(t)
logU(¢t) — ylogt e H(t’ . 0 )

Application of the well-known inequalities for II-functions [Geluk and de Haan
(1987), page 27] gives (3.17).

(i) In the limit relation (3.2) we may choose [Omey and Willekens (1987)]
1
by(t) = CU(t) + by(t) = log U(t) — -EftlogU(s) ds + by(t)
0
and CU satisfies
CU(tx) — CU(¢)
e by() T 0%

for all x > 0, ie, CU € II(d,). Moreover, log U(t) = CU(¢) + [{CU(s)ds/s,
hence

(3.20)

logU(tx) — log U(t) — {CU(t) + by(¢)}logx
by()
CU(tx) - CU(t) .« CU(st) — CU(¢) ds
T h T e e

The well-known inequalities for II-functions [Geluk and de Haan (1987), page
27] applied to CU then give (3.18).

(ifi) log U(oo) — log U(2) = (U(e0) — U(2))/U(e0) + O(U(e0) — U(t)* )¢ —
00), hence —t YU(w) — U(t)} € II(b,) implies —¢t~*{log U(c) — logU(t)} €
I1( b,/ U(c0)). The inequalities for II-functions yield for > ¢, and x > 1

(1- 6)1 —:_E —¢
. t "{log U(eo) — logU(¢)} — (#x) "{log U(e0) — log U(tx)}
b(t)/U(e0)
<(1+£)xf—1 + e

Rearranging gives (3.19). O
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ProOOF OF THEOREM 3.1. We shall give the proof for y = 0 and a positive
limit in (3.2). For other values of y and the other choice of sign, the reasoning
is similar. Let Y, Y,,... be iid. with common distribution function 1 —1/x
(x > 1). Then (X, X,,...) 2 (U(Y,), UY,),...) and for all n also,
(Xt nys - Xnomy) 2 (U )y -+ s U(Y ). We work with the latter and
proceed by providing bounds for the quantities concerned.

Since for x > 1 and ¢ > ¢, by Lemma 3.5 and Lemma 2.5,

log U(tx) — logU(¢) ?
=Sa

U(tx) — log U
= (logx)* + {log (txb)z(t)og () - logx}
{ log U(txzz(-;)log U(t) + log x}

< (logx)® + 2322 {(1 + s)2xe£1—(—)%.9- + 2elogx + e}

x{(l +a)x

we have, after replacing ¢ by Y,,_g(n) ) and xt by ¥(,_; ,, and summing over i,
eventually,

€

+ e+ logx},

MO

oot

{ f(log X(n—k(n), n))}2

k(n)~1 y(n_i’ n) )

{1ogU(Y(n—k(n)’ m Yinmkin), m
n—k(n),

1
= veln) [7:(‘7

~log U(Yinuk(n),n))}

(3.21)
+ {b2(yzn—k(n),n))}2 - 2}

i=0

1 k(n)-l1 Yin—i,n) }2 9
< k() |35y X {Og Yonmtm.

b3(}’(n—k(n), n))

+ {\/k' (n) ———-————}A,,,

b2( Y(n—-k(n), n))
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where A, is a linear combination of terms of the form

k(n)—1
[1/k(n)] Z (y'(n——i,n)/yv(n—k(n),n)) i
i=0

where a, < 1 for every term. Hence lim,_, , A, exists in probability by Lemma
2.4. Further, since by(t)/by(?) is slowly varying and k(n)Y,_j(n) /7 = 1 in
probability [Smirnov (1949)], we have by (3.5)

by Yin—k(n), n
lim Jk(n) - M =0 in probability.
n—=oo b2(Yin—k(n), n))

A similar lower inequality is readily obtained. Now A, is a linear combination of
terms of the form

@

k(n)—1 .
1 E {log Y(n—z, n) }
k(n) [ Yon-kny, m)
with a, > 0 for every term. Combining the results for the two bounds we get

l MO
lim yk(n) -
n—oo { f(log X(n—-k(n), n.))}2

1 Em-1 Y . 2
-—— ¥ {log __(u_} =0
k(n) 2, Yk, n)

in probability. A similar statement for MY and Lemma 3.4 completes the proof.
O

(3.22)

ProoF oF COROLLARY 3.2. Write (P, @) for the limiting normal vector in
(38.7). Then

——[(M®) (py(¥))
k(n){(M}f)) _(ply }

pa(Y)

(f(log Xin ki my))

2 M 2
T pal(y) MO po(¥)Vk(n) { L)

( f(log X(n—k(n), n)))

5 (pl(v))z}

MO }
: - po(Y)
( f(log X(n—k(n), n)))2 ’

—(pl(v))2\/k-(;)_{

(), o)

” 292(7) . {py(¥)}"

Q
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(n — o0) in distribution. Hence

1 1
ol —2 V) 2
( ) L (M’(ll))Q 1 L (pl(y))z
M® pa(¥)

(1) (M)’
Jk(n) po(¥) M

2 (M) (p,(v))?
[{1_ MP® }{1— pa(Y) }]

{222 - o)

{Pz(Y) - {PI(Y)}2)2

(n — o0) in distribution. Note that
1

-

e i),

(Pl('Y)):z
T M)

It remains to determine the asymptotic distribution of Jk(n) {M" — max(0, v)}.
We claim that this expression tends to P - max(0, y) in distribution. For y > 0
this is correct. For y = 0 the extra condition of the corollary yields
Vk(n) by(n/k(n)) = 0 (n — ), hence Jk(n) f(log X,_n), »)) = 0 and finally
VR(n) M’ - 0 (n = ) in probability.

In a similar way we get yk(n) MY > 0 (n - o) in probability for y < 0.
The proof is complete. O

REMARK. It is clear from the proofs of Theorem 3.1 and Corollary 3.2 that if
(i), (ii) or (iii) of Theorem 3.1 holds and if k(n) ~ ¢ - n/g < (n) for some positive
constant ¢ (n — o), then Jk(n) {§, — v} has asymptotically a normal distribu-
tion with the same variance, but with mean =+ yc, where the sign corresponds
with the sign in (3.1), (3.2) or (3.3) [i.e., in particular, + Ve corresponds with a +
sign in (3.3)].

4. Quantile and endpoint estimation: Finite case. In Dekkers and
de Haan (1989) we used differences of large order statistics as building blocks
both for an estimator of y (following J. Pickands III) and for estimating large
quantiles. We shall now construct a similar estimate for a large quantile using
sums of large order statistics.
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The basic situation in this and the next section is the following. We have
observed n independent drawings X;, X,,..., X,, from a distribution function F
satisfying (1.1). We want to find a level x, (where p is a given number much less
than 1) such that

(4.1) F(x,)=1-p.
With the function U as defined in Section 1, this means

(4.2) %, = U(%).

We propose to estimate x, based on the observations X,,..., X, as follows [cf.
Dekkers and de Haan (1989)]:

¥ 1
a%" -1 X(n—-k,n)Mr(z)

) BT TR TGy e

with §, any consistent estimate of vy, M{" and p, as defined before and
k

(4.4) a, = _r;_p— .

An asymptotic confidence interval for x, can be constructed using the following
result.

THEOREM 4.1. Suppose p=p,— 0, np, = c € (0,0), n — . Let k [oc-
curring in X,_, ., and for the definition of M, see (1.3)] be fixed, k > c.
Then, provided (1.1) holds,

A

Xp,n T Xp
X(n-k,n)Mr(zl)
B ool
(4.5) < + : {'1' lei}: Y20,
4 ) ) Y k2

B\ 1\
(?) oo (? ' Q") L exp(vZkiz,/)) - 1 -
vpi(Y) ¥ 7

+
k2o Y

(n = ), with @, Z,, Z,,..., Z,_, independent, @, gamma with k degrees of
freedom, and Z, 1 = 0,1,..., k — 1, i.i.d. exponential.

REMARK. Note that the number of order statistics & used in the definition
of MV remains bounded whereas, if for 9§, one uses (1.7), in order to get

consistency for ¥, one needs to use an unbounded number %’ of order statistics in
its definitions.
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The proof of Theorem 4.1 is based on the following lemma.

LEMMA 4.2 [cf. Beirlant and Teugels (1986)]. Under the conditions and with
the conventions of Theorem 4.1,

1 k-1
MO E:o v20,
(46) —=2—34¢ "
a(n)/U(n) 1kl exp{'yEfJZ/;}
Q" Z Z Y , v < 0.
i=0

REMARK. Note that for y > 0 the limit law is of gamma type.

PrOOF.
M®
a(n)/U(n)
1 kil log X, ny — log Xy »
k i=0 a(n)/U(n)
g _1_ k-1 IOg( Uexp( E(n—-i, n E(n—k,n) + E(n——k,n))) - ].Og(UeXp E(n—k,n))
k2o a(expE(n-k,n))/U(eXpE(n—-k,n))

a(exp E(n~h,n)) ) U(n)
a(n) ) U(exp E(n*k,n))

with E;, ,, < E, ,, < '+ < E, ,, standard exponential order statistics. Now
E(n-i,n) (n k, n) Z
J=i

for all n with Z,, Z,,..., Z, ii.d. standard exponential by Rényi’s representation
for exponential order statistics and

(4.7) E,, — logn 4 —log Q,
[Smirnov (1949)]. Using

log x, y=0,
log U(tx) — logU(¢) x§~—1
a(t)/U(t) T y<0
and
U(t) a(tx) {L y20,
U(tx) a(t) x7, Yy <0,

t - oo for all x > 0, locally uniformly, we then get the result of the lemma.
0
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ProoOF OoF THEOREM 4.1.

£, .= %, al»—1 Xinohmy— Uln)  U(na,/k) — U(n) }
X(n—k,n)Mz(zl) - ‘?npl(?n) a(n) a(n)
_al/U) U
Mr(al) X(n—k,n) ’

Note that (U(tx) — U(£))/a(t) = (x¥ — 1)/y (¢t = o) locally uniformly. An
application of (4.7) and Lemma 4.2 above is now sufficient to complete the proof.
O

In the case y <0, one can adapt the above reasoning for the boundary
situation p = 0 to get a confidence interval for the upper endpoint x*(F) =
U(0) of the distribution.

THEOREM 4.3. Suppose (1.1) holds with y < 0. Then x* = x*(F) =
sup{x|F(x) < 1} is finite (and positive as assumed in Section 1). Set

1
(4.8) xA: = X(n—k,n)Ml(ll)(l - T‘) + X(n-—k,n)'

Yn

Under the conditions of Theorem 4.1

£* — x* {( 1 1 k-1 k-1 7.
—r 4 1——-)+ — 2 expiy ), — ) —1
X(n—-k,n.)Mr(;I)‘ l Y k ig() Z J

=i
Proor.
£ - x* . _1_ . X,y — Uln) _ x* = U(n)
(4 9) X(nvk,n)Mr(Ll) ‘?n a(n) a(n)
U(n)  a(n)/U(n)
X(n—lz,n) Mrgl)

The rest of the proof is as before; note that {x* = U(n)}/a(n) - —y!
(n > 00).0O

5. Endpoint and quantile estimation: Infinite case. We now consider
estimating x, again for the limiting situation n — o but allow the number of
order statistics % involved in the definition of X,,,_, ,, and M to grow without

bound. The following theorem enables one to construct a confidence interval for
a quantile x, when p, = 0, np, - 0 (n - ).

THEOREM 5.1.  Suppose that F has a positive density F' so that U’ exists.
If U €RV,_, [ie, F e RV_,,,.y for y>0, 1/FF €T for y=0 and
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F(x* —1/x) € RVy,,,, for y < 0], then

1
Xn~ n),n) Ul —
(n—k(n), n) (pn)
1

Xin-kem,m - M)

(5.1) &(n)

is asymptotically normal with mean 0 and variance {1 — min(0, y))?, provided
P.— 0, np, = oo (n —> o) and k(n) = [np,].

PrOOF. Since (k(n) {X ,_p(ny,ny = Un/k(n)}/(n/k(n)) - U(n/k(n)) is
asymptotically standard normal [Dekkers and de Haan (1989), Lemma 3.1], also
X (n—k(n), ny ~ U(n/k(n)) (n > o) in probability.

Next note that, from the proof of Theorem 3.1 and U’ € RV, , _,,

M’gl) Mrgl)

k_(n_j U(k—(n‘)‘) /U(%_(%) " Yiuckmm U Fnmim, )/ U, m)

1
R min(0,v)’

with X, ;£ U(Y,_; »), i=0,1,...,n ~ 1, as before.
Finally, one checks that

b 78T ]l
B U'(k<n))

= 0. O

Next we consider the estimation of the endpoint of the distribution.

THEOREM 5.2. Let k = k(n) » « and k(n)/n — 0 (n = o). Suppose the
conditions of Theorem 3.1 hold with y < 0. Suppose moreover that U has a
regularly varying derivative U’. Then, with £* as defined in (4.8),

A

£* — x*

5.2 Jk(n) - ‘ -
( ) (n) Xn—k(n), n)Mrgl)(l - Yn)

(

is asymptotically normal (n — o) with mean 0 and variance

1[ 1 1—27{ 1-2y (5—11y)(1-2y)} 4 ]
+ - .
1—2y

0 - + -
(5 3) 'Y2 .YZ 1- 3-Y (]_ - 3y)(1 - 4'Y) 1- 3Y

For the proof we need the following lemma.
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LeEMMA 5.3.  Suppose the conditions of Theorem 5.2 hold. Recall the function
U from Lemma 2.5. The random vector

n
X(n—k,n)Mlsl) ~ X(n—-k,n) - U(Z)

1 A
- =) o 7
o o) o o2
k k
is asymptotically normal with means 0 and covariance matrix (s; ;) with
1+ v*(1-2y) 2(1 - 2v) Y

(5.4) VE

A-v)1-2y) =7 BT R N (R

2 8(1—-2y) (5-11y)(1 — 2v)
(65) sp=(1—-y)(Q- 2y)[4 SR a iy s oy ]

Sn =

ProoF. Note that (3.7) holds with
f(log X(n_s ) = =¥{U(0) = U(1/{1 = F(Xn_p,m) }))
+ U(1/{1 - F(X(aop )})-
We write the first component of (5.4) as
X, M

‘/E n - (1 - Y)-l
(vt v}
k
U(s0) — UeFun-sm) { M (1 )—1}
= - -7
(5.6) U(eo) — U(%) f(log X_s. ny)
E_[ V) - Uleorn)
- n T
1=7] Ule) - U(—)
k
with E, ,, < --- < E, ., standard exponential order statistics as before. Note
that
(1) U(eEm‘k’")) = X(n—k, n);

(i) E,_4n, — log(n/k) - 0 in probability.

It is thus sufficient to consider the limit distribution of the random vector

n
MO X(n_k, n) U(Z)
57) VE| 77— -1-7)"1%.-,
(5.7) f(log Xk my) U(eo) — U(%)
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The joint limit distribution of the first two components follows easily from the
results of Section 3. It remains to prove that the third component is asymptoti-
cally standard normal and independent of the first two components. The asymp-
totic normality of the third component follows, e.g., from Lemma 3.1 of Dekkers
and de Haan (1989).

If we rewrite all order statistics in terms of exponential order statis-
ties E; ,, < --- < E, , [as we did in Dekkers and de Haan (1989)], we
that by (3.22) the asymptotic distribution of (M®, M®) is totally &
mined by the asymptotic distribution of two functionals of (E,_j,)+1
E o kiny, nyr -+ Ein,ny = E(n-kn), ny) Whereas the asymptotic distribution o
third component of (5.7) is totally determined by that of E,,_,) , [cf. De
and de Haan (1989), Lemma 3.1]. The asymptotic independence follows. O

ProOF OoF THEOREM 5.2.

=m[_i+ X(n-—k,n)—U(oo) ]

-?n X(n—k, n)Mr(zl)(l - ‘?n)

n n
F Fonw-Ug) C0{u-v(F))
- x/l?{—% ¥ %} ’ (—kv) . ;(o:))_ U((%k)) X, MO - ;en)
—y _ulZ o
{U(oo) U( )} X o My -1
—.é X(n—k,n)Mr(tDk ‘/E _"Y{U((OO) : U(%)} ) (1 - Y)

~{a-3)7""-a-v"

Application of Lemma 5.3 now gives the stated result. O
A somewhat related paper is Hall (1982).

6. Concluding remarks. We now provide an intuitive background for (1.
It is well known that the convergence of the Hill estimator (1.3) for y > 0 is the
sample analogue of the following relation, which is necessary and sufficient for
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(1.1) in the case y > 0:
© du 1-F(tu) du  [2(1 - F(u))(du/u) .
v [T

Y (O L =
= )

1-F(t) u 1 - F(t)

ft (logx — log t) dF(x)

1 - F(t)

=E(log X — logt|X > t)

(t > ), where X is a r.v. with d.f. F. So the reason for using the log of the
order statistics instead of the order statistics themselves is that otherwise the
first integral may diverge. This forces us to use logarithms of order statistics
instead of the order statistics themselves in the definition of M. That is not
possible when the random variables are negative. In order to avoid this problem
(which comes up only for y < 0) we have to impose the extra condition x*(F) > 0.
This does not cause any difficulty in applications. An analogue of (6.1) is known
in the case v = 0 [Balkema and de Haan (1974)]: (1.1) holds with y = 0 if and
only if

_ E({(X-tiX>t)  [pe’dl—e) _ 0
etz (E(X — )X > t)}2 {[xd(1 - e‘x)}z

These two considerations led us to consider the quotient M® /{ M{D}>. However,
it is clear that this quotient does not discriminate sufficiently, since taking
logarithms transforms r.v.’s in the domain of G, with y > 0 into r.v.’s in the
domain of G, [cf. (2.10)]. But by good luck MV itself also converges for any y
[see (2.11)] and discriminates the range of values of y not covered by
M2/ (MOY.

In Dekkers and de Haan (1989) we discussed several other methods to
estimate y. A comparison of the different estimators both from a theoretical and
from a practical point of view is the subject of further research.

(6.2)
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